THE FERMIONIC p-ADIC INTEGRALS ON Z p ASSOCIATED 
WITH EXTENDED g-EULER NUMBERS AND POLYNOMIALS 

Taekyun Kim 

Abstract. The purpose of this paper is to present a systemic study of some families 
of q-Euler numbers and polynomials of Norlund's type by using multivariate fermionic 
p-adic integral on Z p . Moreover, the study of these higher-order g-Euler numbers and 
polynomials implies some interesting (/-analogue of Stirling numbers identities. 



jl. Introduction/ Preliminaries 



Sp, C and C p will, 



Let p be a fixed odd prime number. Throughout this paper Z p , 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field and the completion of algebraic closure of 



v 



Let v p be the normalized exponential valuation of C p with \p\ p = p~ v p( p ) = -. When 
one talks of g-extension, q is variously considered as and indeterminate, a complex 
number q G C or p-adic number q G C p . If q G C, one normally assumes |g| < 1. If 
g G C p , one normally assumes |1 — q\ p < 1. We use the notation 



1 



q 



1 



q 



, and [x] 



1 



. q y 



1 + q 



, (see [1-10]). 



The g-factorial is defined as [n] q l = [n] q [n — l] q ■ • ■ [2\ q [l] q and the Gaussian binomial 
coefficient is also defined by 



n 



[n-k] q \[k] q \ 



[n] q [n - l] q ■ ■ ■ [n - k + l] q 



(see [9]). 



Note that 



lim 



n 



n 



q^i\kj n \kj (n-k)\k\ 



nl 



n(n — 1) • • • (n — k + 1) 

jfe! 
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Typeset by AmS-T&K 



From (1), we easily note that 

The (/-binomial formulae are known that 

(2) (6; q) n = (1 - 6)(1 - bq) ■ ■ ■ (1 - bq^ 1 ) = £ ( ") ("l)***, 



and 



1 v-^ / n + z — 1 



(b-q) n (l-6)(l-69)...(l-6g»-i) < ,„ 

We say that / is uniformly differentiable function at a point a G Z p , and write 
/ G UD(Z p ), if the difference quotient F f (x,y) = f{x) ~Jy V) have a limit f'(a) as 
(x, y) — > (a, a). For / G UD(Z p ), the fermionic p-adic (/-integral on Z p is defined as 



p w -i 



(3) /-,(/) = / f(x)dp. q (x) = Jim -1±« £ f(x)(- q y, (see [9]). 

Jz p 1 + qv ^ 

From (3) , we derive the fermionic p-adic integral on Z p as follows. 

(4) lim /_,(/) = I-i(f) = [ f(x)dv-i(x). 
For n G N, let f n (x) = f(x + n), we have 

n-l 

(5) /-l(/n) = ("l) n /-l(/) + 2 E(- 1 ) n_1 "'/(0- 

z=o 

From (5), we can easily derive the Euler polynomials, E n (x), as follows. 

(6) / e^d^dfi-M = —-e xt = J> n (z)-, (see [1-23]). 

Note that E n (0) = E n are called the n-th Euler numbers. Now, we consider the Euler 

polynomials of Norlund's type as follows. 

(7) 

I ... f e {x+Xl+ "' +Xr ' )t dfX- 1 (x 1 ) ■ ■ ■ dfi-^Xr) = (~r-j) e xt = Y^E^\x)- v 

JlL v Jz p V ^ ' J n=0 ^" 



and 

^ = Y, E ir\*)- v (^e [9]). 

' n=0 

In the special 0, E { n - r \0) = and E^(0) = E^ are called the Euler 

numbers of Norlund's type. Let (Eh)(x) = h(x + 1) be the shift operator. Then the 
g-difference operator A q is defined as 



(8) A™ = Y[(E - g*" 1 /), where (Ih)(x) = h(x), (see [5, 10]). 

From (8), we note that 
(9) 



where 



= E ( x n ) A ^(°)' 

n>0 W 9 

A ^(°) = E (?) " ( see t 5 ' 10])- 

fc=0 ^ ' 1 

The g-stirling number of the second kind (as defined by Carlitz) is given by 

— ( fe ) ^ f \ 

(10) S 2 (n, k;q) = ^ V X>1)V^ ( * ) [k - j] n q , (see [10]). 

By (9) and (10), we see that 

-(2) 

(11) S 2 (n,k;q) = ^ T A k q n , (see [10]). 

In this paper, the (/-extension of (7) are variously considered. From these g-extensions, 
we derive some interesting identities and relations of Euler polynomials and numbers 
of Norlund's type. The purpose of this paper is to present a systemic study of some 
families of g-Euler numbers and polynomials of Norlund's type by using multivariate 
fermionic p-adic integral on Z p 

§2. The g-extension of Euler numbers and polynomials of Norlund type 

In this section, we assume that q E C p with |1 — q\ p < 1. First, we consider the 
g-extension of (6) as follows. 



n=0 U - Jz p n=0 ^ ^ 1=0 

00 

_ 2 ^ (_l^rn e [m+x] q t_ 



1 + g' I nl 



m=0 

Therefore, we obtain the following lemma. 
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Lemma 1. For n > 0, we have 



oo 9 n ( n \(--\Va lx 

(12) = 2 £ (-in™ + x] j = Ir -^ r e 



From (11), we note that 

\. x ^ = Y.{t) WMk,n-k; q )q(>) 

= $>U* -l] q ...[x-k+ l] q Q A-~ k k 
k=o [n ~~ 



Thus, we have 



fc=0 v ^' 1=0 v 7 9 m=0 

Therefore, we obtain the following theorem. 
Theorem 2. For n > 0, we have 

qd) S 2 (k,n - k;q) ^ ' 



Let us consider the g-extension of Eq.(7) as follows. 

E n,l( X ) = •••/ l^ + ^H H X r ]qdfJ,-i(xi) ■ ■ -d/i_i(x r ) 



£=0 

00 



m=0 ^ "' 7 

Let F g (r) (t,x) = E" =0 ^S(x)g. Then we have 

(14) F^(t,x) = 2 r Y^ ^ m + r_1 V_l)- e [-+^. 
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In the special case x = 0, (0) = E$ q are called the (/-extension of Euler numbers 
of order r. In the sense of the (/-extension of Eq.(7-1), we consider the (/-extension of 
Euler polynomials of Norlund's type as follows. 

m=0 ^ ' n=0 

By (15), we see that 



m=0 

Therefore, we obtain the following theorem. 
Theorem 3. For r e N, n > 0, let 



Then we have 



2 ' E I"* L " ) (-D-eI-*-l-« = £ f£>(*A . 

m=0 ^ ' n=0 



= 2r E( m+ 1 I" 1 )(- 1 ) m ['"+* 



and 



=f e(:) I-** 



i?n,g (0) = i?n,g are called the (/-extension of Euler numbers of Norlund's type. 

For h G Z, r G N, let us define the extended higher-order (/-Euler polynomials as 
follows. 

(16) E%(\x)= f ^= 1 ^-^[x + x 1 + --- + a: r ]^_ 1 (x 1 )---(i//_ 1 (x r ). 

</z p </Z p 

Then, we have 

F(h , r)(T) = 2- ^ KKzilV! = 2- ^ (?)(-i)y« 

»-« 1 ] {l-q) n f~< (-^-^; a" 1 ), (1 - g)» (-9 fc -^; q) r 

(17) Z "° 1-0 

°° / 4- — 1 \ 

= 2 r J2( m qt h - r)m {-l) m [x + m] n q . 



Let F { q h ' r \t 7 x) = Em=o E £ r) ( x )S- Then we easil y see that 

(18) F^ r \t, x) = 2 r Y^ q (h-r)m(_^ m fm + r-l\ e[m+x]qt _ 

m = \ 171 Jq 

Therefore we obtain the following theorem. 
Theorem 4. For h e Z, n > 0, let 

2 r ^ q (h-r)m(_ 1)m (rn + r- l\ e[m+x]qt = Y t Egf\x)- 

m=0 \ m Jq n=0 U - 

Then we have 

E ( h ,r Hx) r y saw 

= 2 r V ^- r ) m (-l) m f m + r_1 ^ [x + m]". 



Now, we define the extended higher-order Norlund's type g-Euler polynomials as 
follows. 

(19) 



( X - ^ / Zj> • • 7 Zp g Z(xi + -" +X '- ) g E - l(/l " j)Xj ^-l^l) • • -dfl-^Xr) 

From (19), we note that 

<T>M = j^r^E Q(-i)V(-«»- r+, ;«), 
(20) ' ' " 



m=0 x 7 9 

Let F$ h >- r) (t,x) = E^Sf r) (*)g. Then we have 
(21) ff>- r >(t,x) = ^J2 q^q {h - r)m ( r ) e^ +x ^. 

m=0 1 

Therefore, we obtain the following theorem. 
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Theorem 5. For h E Z, n > 0, r E N, let 



Then we have 



-,00 / \ 00 n 

m=0 ^ '9 n=0 

4t' , - ) ' ,M "(:) [•»+*! 

m=0 ^ '9 



1". 



For h = r, we have 



and 



£ „(">(;) [m + *]J. 



(23) 

1 / r 

— 2 r 



It is easy to se that 
(24) 

y—q -,q)r Jz p Jz p 

= ■■ ([x + x 1 + --- + x r ] q (q-l) + l) m q-^=i JX >d/j- 1 (x 1 )---dfi- 1 (x r ) 
Jz p Jz p 

= f]( r f)(q- 1 ) 1 I ■■■ I [x + x 1 + --- + x r } l q q-^=i JX >dn- 1 (x 1 )---dn- 1 (x r ) 



rn 



=E(7)ta-D'4rw- 

By (24), we see that 



= ± (7) (,-!)'<»(,). 



7 



It is known that 

(25) /_!(/!) + /_!(/) = 2/(0), where f t (x) = f(x + 1). 
From (25), we derive 

q h - X I ■ ! [x+l + x 1 + --- + x r ]™q^=i( h -^dfi_ 1 (x 1 )---dfi Xr 
Jz p Jz p 

(26) =-/ ••• / [x + x 1 + --- + x r ] n q^^ {h - j)x >dn- 1 (x 1 )---dn- 1 (x r ) 

+ 2 [ ... f [x + X2 + --- + x r }^=^ h - 1 - j)x ^ 1 d^ 1 (x 2 )...d^ 1 (a 
Jz p Jz p 

By (26), we see that 

(27) q^E^\x + 1) + E^\x) = 2E^-i) {x y 
By simple calculation, we see that 

q x I ■■■I [x 1 + -.. + x r +x]™q^=i {h - J+1)xj dn- 1 (x 1 )-..dn- 1 (x r ) 

(28) =(q-l) ■■ [x 1 + ... + x r + x]™ +1 q^ ih - j)xj dfi- 1 (x 1 )...dLi- 

JZp JZp 

+ ••• / (P r i=^ h -3>i[ Xl + -.. + x r + x]^dn- 1 (x 1 )---dn- 1 (x r ). 

JZp JZp 

By (28), we see that 

q x E^\x) = (q- l)E^ q {x) + E^\x). 

Therefore, we obtain the following proposition. 
Proposition 6. For h e Z, r G N 7 n > 0, we have 

q ^) E M {x + + E (h,r) {x) = 2E^ 1 > r - 1 \x), 

and 

q x E^\x) = (q- l)E^[] q (x) + E^\x). 

Moreover, 



{-q m - r -,q)r f Q \l 
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From (22), we note that 

F (r,r) ( _ T " (^(-l)^-^ 

Hence, we have 

/ ••• / [r-x + xiH ^ x r ]^- 1 q~^= lir ~ j)xj dn- 1 (x 1 ) ■ ■ ■dfx- 1 (x r ) 

Jz p Jz p 

= (-l) n q n +( r 2) f ... I [x + x 1 + --- + x r ]^q^^ {r - j)xj dfi- 1 (x 1 )---dfx. 
Jz p Jz v 

For h = r, we see that 

<?i(o) = (-i)V + ®sfo r) (*)- 

From (27), we can also derive 

^"^^(x + 1) + ^)( X ) = [2]^- 1 ' r - 1 )(x). 
The Stirling numbers of the first kind are defined as 

n n 

(29) H(l + [k] q z) = J2Si(n,k;q)z\ (see [10]), 

fc=l fc=0 

and 



(30) 



It is easy to check that 

n— 1 n— 1 



/Q-i \ fc=0 A:=0 



n(«-w.)=*"n(i-^) 

n 

= £Si(n-l,fc; ? )(-l)*z n 

fc=0 

By (30) and (31), we see that 

m— 1 m 

(32) n cw« - w«) =ix™-i, ^ 



m— 1 m 

m— fc 

fc=0 A;=0 



By (23) and (32), we obtain the following theorem. 
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Proposition 7. For r E ~N, n E Z + , we have 

_. r m 



2 r m L! 

m=0fc=0 



The generalized Euler numbers and polynomials of Norlund's type are defined by 

2 r ^ 
(33) (e-i* + l)(e^ + l)---(e^ + l) = ^l™ 1 ' " ' ' 

and 



EP(ww- ,w r ) = Ei r \0\w u --- ,w r ). 

Now, we can also consider the g-extension of (33) as follows. For wi, • • • ,w r E Z p , 
and Si, • • • ,S r E Z,we define 

E^ q (x\wi,--- ,w r ;5 1 ,--- ,S r ) 

= ■■•/ [xwi H \- x r w r + x]qd^i_ q s 1 (xi) ■ ■ ■dfx_ q 8 r (x r ), 

and 

^S^l;" - >«V;<*1,--- A) = ^J(0|^i,--- ,W r ;5i,-- - A). 

Thus, we have 
(34) 



E^{x\w u ...,w r ;Si,...,S r ) = J2 (") (-l) f g te (1+ ( ^XL!) 



(l + g <5l )---(l + g 5 '-) 



(1 _|_ g<5 r +Zw r ^ ' 



It seems to be interesting to consider another g-extension of the Norlund's type gen- 
eralized Euler numbers and polynomials as follows. 

E n < £ ) (. x \ w i> • • • ,w r ;Si,--- ,S r ) 

= [ ■ ■ f [w 1 x 1 + --- + w r x r ]^q s ^ + --- +s ^diJ- 1 (x 1 )---diJ- 1 (x r ), 
Jz p JZp 

and 

E l£qH w u-'- ,«v;<5i,-- - ,S r ) = E^q\0\wi,--- ,w r ;Si,--- ,S r ). 
From (35), we note that 



E< r q \x\wi, ■ ■ ■ , w r ; Si, ■ ■ ■ , S r ) = 2 r Yl J^T q i Wl+Sl) . . . (1 + q i Wr+ s r) ■ 
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(?)(-!)'« 

( 1 4. >i 

J=0 



§3. Further Remarks 

For h = 0, let us consider the polynomial of En,q (x) and En, q (x) as follows. 
E { n; q r) {x)= ••• / [x 1 + --- + x r + x]^q-^^ JX 'dfi- 1 (x 1 )---dfi- 1 (x r ), 



and 

-Ax 



B (o,-, = y SKziW 



Then, we have 



(36) 



and 



(37) 



W (l- g )^(- g '-;g) r 

= 2r g - 1^ ( _ 1)ra? . rm[ffl + 



x ]q ) 



= 5fEQ <* ( ™ ) <r"'> + * 



m=0 v 7 9 

Let F g (0 ' r) (t,o:) = E"=o ^ (^) S • Th en we have 



if^(t,x) =2 r ^ ( m + r (-l)™ q -rm e lm+x] gtj 
m=0 V m A 



and 

j*°->(t,*) = f><sr>£ 



n! 

m=0 



m=0 ^ 7 9 

Let us consider the following polynomials. 

E { n h q 1 \x)= [ q^ h - 1 ^[x + x 1 r q d^ 1 (x 1 ) 

(38) 



2 



(l-g) n £jj 1 + ' 
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(39) 



By the simple calculation of fermionic p-adic invariant integral on Z p , we see that 

<f [ [X + X^tf^-Vdli-^X!) 

Jz p 

= (q-l) f [x + x 1 ]^ +1 q x ^ h - 2 U^ 1 (x 1 )+ [ [x + x^q^-Vd^ixi). 
Jz p Jz p 

From (39), we note that 

<fE^\x) = (q- l)E^\x) + E^\x). 



It is not difficult to show that 



(40) / ^- 1 ^^x + x 1 ]^_ 1 (x 1 ) = f f")[x]-V x / [x^-^d^M. 



J=0 

By (40), we see that 

= E J \AT 3 ^ E ff = (>4 M) + [*]*)" >»>o, 

where we use the technique method notation by replacing (Eq h,1 ^) n by E^q\ sym- 
bolically. From (25), we can also derive 

(41) f [ x + Xl + l]^ q (^+ 1 )( h - 1 )d^ 1 (x 1 )+ [ [x + x 1 ] n q q { - h - 1 ^dn_ 1 {x 1 ) = 2[x] n q . 
Jz p Jz p 

Thus, we see that 

8 k - 1 £ft 1 )(x+l) + E^(x) = 2[x]» 

For x = 0, we have 

where 5 nj o is the Kronecker symbol. 
It is easy to see that 

E (h,l) _ f Q xi(h-l) d .( x .)- 2 - 2 

From (38), we note that 

~x)= I [1 - x + x^q-^-^dfi-iM 

= C-1 \n n+h-l 2 (T)(~ 1 )'g ZX 

= (-l) n q n+h - 1 Ei h q 1 \x). 
In particular, for x = 1, we have 

= (-1) V^- 1 ^ 1 ^!) = (-l)"-^"^, for n > 1. 
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